COMBINATORIAL GEOMETRY AND ACTIONS OF COMPACT LIE GROUPS TOR SKJELBRED
In this paper a theorem of combinatorial geometry will be applied to prove results about actions of compact Lie groups on manifolds.
In order to understand actions on differentiable manifolds, the weights of the tangential representations at fixed points of a maximal torus can be taken as basic data. Those weights are related by the structure of the equivariant cohomology ring of the manifold. The weights can also be considered as just a finite set of vectors or as a finite set of points in a projective space. From this point of view, theorems of combinatorial geometry can be used. Hence representation theory, equivariant cohomology theory, and combinatorial geometry can be used to understand differentiable actions. We will use the following result of combinatorial geometry which has been generalized by Sten Hansen [11] , It was conjectured by Sylvester [16] in 1893 and proved by Gallai in 1933.
THEOREM 1 (Sylvester-Gallai). "Given a finite set of points in the real affine plane, there is a line containing exactly two of those points, unless the point set is collinear."
It was during discussions with Ted Chang concerning his results in equivariant homotopy theory, that I realized that the theorem of Sylvester-Gallai was useful. I am grateful to Ted for explaining Theorem 5 to me. A very simple example of a result in equivariant homotopy theory follows. THEOREM The proof we will give here of the theorem does not apply the classification of simple Lie groups, as did the proof in [7] .
In combinatorial geometry the theorem of Sylvester-Gallai has passed through stages of reproving [10] and generalization, notably by Motzkin [14] and Sten Hansen [11] 
Hansen's result is in fact stronger in that it shows how to find a large number of such hyperplanes L n~2 czH 71 ' 1 . By setting n = 2, we obtain the theorem of Sylvester-Gallai.
Certain problems concerning transformation groups give rise to problems in combinatorial geometry. The combinatorial feature of transformation groups is apparent in the Golber formulas for torus actions, see [9, 6, 4] . At the end of this paper, we will pose a problem in combinatorial geometry whose solution is of interest in the theory of transformation groups of rank ^ 3.
We will now establish a formal link between combinatorial geometry and the geometry of transformation groups. Let T be a maximal torus of the transformation group, and let x be a fixed point of T in a differentiate manifold M where T is acting diffe- (1)) cL*(Γ), and for this reason we will call them integral weights. The multiplicity of an integral weight w at x is COMBINATORIAL GEOMETRY AND ACTIONS OF COMPACT LIE GROUPS 199
Δ By a weight we will understand an element of the protective space P(L*(T)). For any weight ω, choose weω where w is an integral weight, and is nondivisible. We set mult x (α>) = Σ rrίxύt x (nw) .
The Borel formula (B) at x then follows from the splitting of the tangential representation at x in subspaces of dimension <;2. We will also consider topological actions on a space M which is paracompact, connected, and of finite cohomology dimension over Q. We will from now on assume either that M is a cohomology manifold over Q, or that the ring iϊ*(M; Q) satisfies Poincare duality. The latter means that for some n, the cup product
is perfect for all i, and we set dim M = n. If M is a cohomology manifold, dimikf is its dimension as such. For certain M, dimikf has now been defined in two ways. One simply has to be consistent, using either local or global cohomology all the time. The cohomology theory will be Cech cohomology with rational coefficients and closed supports. Let a torus T be acting on M and let F\ F [5] , and a later third proof appears in Bredon [3] . A fourth proof due to the author appears in [13] . In any case dim F ι is consistently defined. Let KaT be Si subtorus, that is, a closed connected subgroup of T.
We say that if is a local weight at F ι if rank K = rank T -1 and mult^if) > 0. Then there is the Borel formula at F\
where the sum extends over all subtori K with rank i£=rank T- 
of L*(T)-+L*(N).
We set mult^ft)) = mult^α) 1 ) for each 0 =£ ωeL*(T), and we say that ω is a local weight at .
Subtracting, we obtain dim
Since ^eF for k = i, j, we obtain
In case dim F 2 > dim i^7 1 , there must be some v p e V -Lin (ω t , ω 5 ) so that property (i) holds. For property (ii), let ω^Ω and v k eN be arbitrary. We then have As
is onto, it is an isomorphism. When corank K = 1, we then have mult^ίQ -0, so that iΓ is not a local weight at F ι and F\K) is not a corank-one F-variety at F\ (Here dim ί^X) = dim F 1 because "dim" is taken in the Poincare duality sense.) This contradiction concludes the proof.
We now come to the connection with combinatorial geometry. When a torus of rank n is acting, the sets N and Ω of Theorem 5 are strictly speaking sets of points in PQ~\ DEFINITION 7. "Given two finite disjoint sets N and Ω of points in real projective space P%, we say that (N, Ω) is a special figure in P™ if Ω spans P™ and the properties (i) and (ii) of Theorem 5 hold, that is, letting L( ) denote the join of linear subspaces, ( i ) For each pair of points ω, ω τ in Ω, there is some v e N with v e L(ω, ω').
(ii) For each pair of points ω e Ω, v e N, there is some ω f e Ω with ω f 6 L(ω, v) and ω r Φ ω" haVe rati0nal co ordinates of all P, Elstad [8] has shown that choosing four points P u i ^ A with rational coordinates, no three of which are collinear, there are two choices of P 5 giving a centered pentagon, and that the coordinates of P 5 are not rational but lie in Q(τ/5).
Problems. (1) Show that for any special figure in PQ, card Ω = 4.
(2) Show that for any special figure in Pj, card Ω -6 or 4.
